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Abstrat
We onsider a low-energy eetive ation for the gauge eld on
Wess-Zumino-Witten D-branes in a ompat simple Lie group, in the
limit k →∞. We prove that the eetive ation is bounded from be-
low, and study stability of various D-brane ongurations, inluding
some lass of non-maximally symmetri ones. We show that for Lie
groups of rank higher than one, the D-brane ground state breaks the
Ka-Moody symmetry of the boundary theory. We then give argu-
ments hinting that the "fuzzy sphere" D2-brane whih is known to be
the stable brane onguration in the ase of SU(2), may also orre-
spond to the ground state in other ompat simple Lie groups.
D-brane physis in bakground elds, giving rise to non-ommutative ge-
ometry on the brane worldsheet, has been given muh attention for a few
years. In partiular, the ompatiation of d spae-time dimensions on a
ompat Lie group G of dimension d implies a non-vanishing B-eld. The
degrees of freedom orresponding to these ompatied dimensions are in-
orporated into string theory by a level k Wess-Zumino-Witten model.
D-branes are haraterized by gluing onditions at the boundary of the
onformal eld theory desribing the string vauum. In partiular, maximally
symmetri D-branes are dened by the gluing ondition J = J¯ on WZW
boundary urrents (for a disussion of more general boundary onditions,
see [13℄). Classially, it was shown [4,5℄ that maximally symmetri D-branes
oinide with onjugay lasses of the Lie group, and after quantization, D-
branes beome non-ommutative spaes [69℄. These D-branes are stabilized
at quantized radii, as a onsequene of the quantization of the U(1) gauge
eld strength ux on the brane [10℄.
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The only ase of immediate physial interest, and the only ase whih
has been studied extensively, is G = SU(2). S3 ∼= SU(2) appears in the
exat supersymmetri string bakground S3 × AdS3 [11, 12℄, and the CFT
formulation of the Neveu-Shwarz 5-brane ontains a SU(2) WZWmodel (see
e.g. [13℄). For G = SU(2), the lassial maximally symmetri D-branes are
2-spheres, exept for two degenerate points at ±e (e being the unit element
of SU(2)). The orresponding non-ommutative spaes are fuzzy spheres,
whih an be seen as trunations of the usual algebra of funtions on the
2-sphere [14℄. Our aim is to study what happens with higher rank ompat
simple groups.
In setion 1, we review some material from [6℄ and [15℄, give the expression
for the eetive ation found in these papers and point out three obvious
types of solutions of the equations of motion. In setion 2, we prove that
the ation is bounded from below. Then, in setion 3, we give a formula
omputing the value of the ation for maximally symmetri solutions of the
equations of motion, and study their stability. Next, in setion 4, we ompute
again the ation, this time for ertain symmetry breaking solutions. We
prove in setion 5 that they are loal minima. In setion 6, we speialize
the disussion to G = SU(3) and show with a few examples that, ontrary
to the ase G = SU(2), the global minimum is not maximally symmetri.
We nally give an argument showing that this should hold true in SU(N),
and we onjeture that the global minimum may be the famous fuzzy sphere
D2-brane.
1 The eetive ation
In [6℄, the authors onsidered branes on a Lie group and omputed the low-
energy eetive ation in leading order in the inverse of string tension for
the massless open string modes. For (bosoni) string theories with n Chan-
Patton degrees of freedom, generating a U(n) gauge symmetry, these string
modes are desribed by a n × n matrix valued gauge vetor eld A. It was
shown in [6℄ that all the physis an be seen in onstant solutions, so we will
study only these. Constant vetor elds on a Lie group G with Lie algebra
g are given by their omponents in a basis {ea} of g and we will hoose this
basis to be orthonormal with respet to the Killing form. It is useful to
normalize it so that the squared norm of the long roots of the Lie algebra is
equal to 2 :
(ea, eb) =
1
2h∨
Tr(adeaadeb) = δab ,
2
where h∨ is the dual Coxeter number of the Lie algebra g. The eetive
ation is then given by :
S(A) =
1
4(h∨)2
(
−1
4
∑
a,b
Tr([Aa, Ab]
2) +
1
3
∑
a,b,c
fabcTr(Aa[Ab, Ac])
)
, (1)
where Aa = A(ea) are the omponents of the n×n matrix valued gauge eld
assoiated with the generators {ea}. The fator 14(h∨)2 does not appear in [6℄,
and is due to our normalization of the Killing form. This ation an be used
for probing stability of brane ongurations desribed by the gauge eld A.
Note that it is valid when the Regge slope α′ goes to 0, while the produt
α′k approahes ∞.
The very same ation appeared in [15℄, with a dierent interpretation.
In this paper, the author onsidered n D0-branes in a onstant R-R 4-form
eld strength F (4) = dC(3) with non-trivial omponents F tijk = −2fǫijk,
i, j, k ∈ 1, 2, 3 being proportional to the struture onstants of su(2). The
low-energy eetive ation found for the transverse oordinates Φi of the n
D0-branes is ompletely analogous to (1) if we identify ǫijk with fabc and A
with γΦ, with some suitable onstant γ. Higher order orretions in α′ to
the eetive ation were omputed in [16℄, but we will stik to the simple
ation (1).
This eetive ation is omposed of a quarti Yang-Mills term and a ubi
Chern-Simon term. The quarti term is always positive and appears alone in
the at spae ase [17℄, for whih any set of ommuting matries obviously
reahes the global minimum. The Chern-Simon term appearing in urved
spae (non-ommutative Lie groups) makes the global minimum muh less
obvious. As already noted in [6℄ and [15℄, the equations of motion are given
by : (
δS
δA
)
b
=
1
4(h∨)2
∑
a
[
Aa,
(
[Aa, Ab]−
∑
c
fabcAc
)]
= 0 (2)
and there are two obvious types of solutions for A :
• (Type I) Sets of ommuting matries : These matries an be diago-
nalized, and desribe n D0-branes, whih positions in spae are given
by the vetor valued eigenvalues of the matriial vetor (Aa). If the
eigenvalues are all dierent, the gauge symmetry U(n) is broken to
U(1)n.
• (Type II) Representations of g ([Aa, Ab] =
∑
c fabcAc) : It was shown [6,
15℄ that for G = SU(2), these solutions desribe unstable staks of D0-
branes, whih ondense into one or more D2-branes. Their geometry is
3
desribed by the "fuzzy sphere" non-ommutative spae [14℄, and their
sizes are determined by the spin of the irreduible subrepresentations
of the representation Aa. In partiular, when the representation is
irreduible, the nal state onsists of a single D2-brane and the gauge
group is then ompletely broken to U(1). For groups of higher rank,
fuzzy sphere analogues are fuzzy onjugay lasses.
On Lie groups of rank higher than one, there is a third type of obvious
solutions (Type III), namely representations of subalgebras. Suppose for
instane that the generators e1, e2, e3 span a su(2) subalgebra of g. We an
hoose the orresponding matrix omponents of A to form a representation
of the su(2) subalgebra and set the other ones to zero, ie :
[Ai, Aj ] = fijkAk i, j, k ∈ {1, 2, 3}
and
As = 0 s 6= 1, 2, 3 .
Then (2) is automatially satised. These solutions desribe fuzzy sphere D2-
branes extending in the diretions 1, 2 and 3, and entered at the origin. As
above, there is one D2-brane per irreduible su(2) subrepresentation. Suh
solutions break the Ka-Moody symmetry of the boundary urrents J and
J¯ , so the orresponding D-branes are not maximally symmetri.
Note that we an add to any solution {Aa} of (2) a vetor {Ta} of matries
ommuting with eah other and with all Aa's, and still get a solution of the
equations of motion. As the Ta's ommute with eah other, they an be
diagonalized. And in the ase where A forms a representation of either a
subalgebra or the full algebra, they are proportional to identity on eah
irreduible submodule by Shur's Lemma. As one D-brane is assoiated
with eah irreduible subrepresentation, this freedom an be interpreted as
independent shifts of the D-branes on the Lie group.
It will also be useful to note two further symmetry properties of the
ation. It is invariant under the ation of U(n) by onjugation on the target
matries :
A(ea) 7→ UA(ea)U−1 , U ∈ U(n) ,
and also under the ation of G on the Lie algebra by onjugation :
A(ea) 7→ A(geag−1) , g ∈ G .
In the ase G = SU(2) it was proved in [18℄ that for any n, the global
minimum of the ation is realized if and only if A is an irreduible repre-
sentation of su(2). It was also onjetured that for all ompat simple Lie
4
groups, the ation is minimal on irreduible representations of the group Lie
algebra, i.e. that the brane ground state is a fuzzy onjugay lass of G.
It is diult to get informations about the global minimum of (1) diretly,
but the stability of all type II solutions and of some type III ones an be
tested. Combined with expliit omputations of S on them, this will allow
us to draw onlusions about the global minimum, and in partiular to show
that it is generally not a representation of g. Physially the orresponding
stable brane onguration is not a fuzzy onjugay lass of G, and therefore
is not maximally symmetri.
We emphasize that this eetive ation, as well as the fuzzy onjugay
lass piture, is valid only for k → ∞. So the D-branes desribed here
are small ompared to the radius of urvature of the group manifold, or
equivalently, they are loalized lose to the identity element of the group.
2 Boundedness of the ation
We would like to prove rst that S(A) is bounded from below. This amounts
to studying its asymptoti behavior. In this setion we temporarily forget
the global fator
1
4(h∨)2
and we deompose S(A) into its homogeneous part
of degree four S4(A) = −14
∑
a,bTr([Aa, Ab]
2) and of degree three S3(A) =
1
3
∑
a,b,c fabcTr(Aa[Ab, Ac]).
Now suppose we have an estimate |S3(A)|4 ≤ ζ |S4(A)|3 for some ζ > 0
independant of A. Then we an use the trik desribed in [18℄. For xed
A, we onsider S on a ray tA and we obtain a real polynomial funtion of t.
The minimum of suh a funtion is given by :
min
t
S(tA) = −|S3(A)/4|
4
|S4(A)/3|3 ≥ −
33
44
ζ , (3)
so we get a lower bound for S : S(A) ≥ 33
44
ζ ∀A .
To nd suh an estimate, we use the relation proved in [18℄ for any three
anti-hermitian and traeless matries A1, A2 and A3 :
(−Tr([A1, A2]2 + [A2, A3]2 + [A3, A1]2))3 ≥ 324
n3 − n(TrA1[A2, A3])
4 . (4)
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The steps of the estimate go as follow :
1
3
|∑abc fabcTr(Aa[Ab, Ac])| ≤ 13∑abc |fabc||Tr(Aa[Ab, Ac])|
≤ 1
3
(
n3−n
324
) 1
4 ∑
abc |fabc|
(−Tr([Aa, Ab]2 + [Ab, Ac]2 + [Ac, Aa]2)) 34
≤
(
n3−n
324
) 1
4 ∑
abc |fabc|(−Tr[Aa, Ab]2)
3
4
≤
(
n3−n
324
) 1
4
C
∑
ab(−Tr[Aa, Ab]2)
3
4
≤
(
n3−n
324
) 1
4
C(d(d− 1)) 14 (−∑abTr[Aa, Ab]2) 34
=
(
n3−n
324
) 1
4
C(d(d− 1)) 14 (4S4(A)) 34 .
(5)
We use (4) to go from the rst line to the seond, the antisymmetry
properties of the struture onstants from the seond to the third, and then
dene C = max{a,b}
∑
c |fabc| when passing to the fourth one. Finally, we
use the relation
∑m
i=1(αi)
3
4 ≤ (m) 14 (∑mi=1 αi) 34 , valid for any m positive real
numbers αi. Therefore we have our estimate and S(A) is always bounded
from below.
Let us remark that boundedness of the ation from below does not imply
the existene of a global minimum. There are atually numerous "valleys"
going to innity in whih the value of the ation stays bounded. Consider
again S(tA) as a real funtion of t for xed A on the unit sphere. The mini-
mum of S on the ray tA is given by Smin(A) = −3
3(S3(A))4
44(S4(A))3
. This expression
is disontinuous for S4(A) = 0, i.e. when A forms a set of ommuting matri-
es. The minimum in t is ahieved at tmin(A) = −3S3(A)4S4(A) , whih happens to
diverge on sets of ommuting matries. Diverging tmin is the sign of a valley
of ray minima going to innity.
To see a simple example of this phenomenon, onsider an irreduible
representation {Ba} of g, and some set of multiples of the identity {Ca}.
Then S(B + γC) is onstant for any real number γ, and in partiular for
γ → ∞. Adding a multiple of the identity orresponds to translating the
D-brane, and this does not modify the ation. These valleys linked with
translations are degenerate, so the asymptoti value reahed at innity is
also reahed at nite distane, but one annot exlude that there exists a
more ompliated path approahing a value lower than any value reahed at
nite distane.
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3 Stability of type II solutions
If A is an irreduible representation of g in Mat(n), some simple omputations
using the properties of the Casimir operators of the adjoint representation
and the A representation give :
S(A) = − 1
24h∨
n(λ, λ+ 2ρ) , (6)
where λ is the highest weight of the representation A, and 2ρ =
∑
α>0 α is
the sum of the positive roots of g.
For a simple ompat algebra, any representation is a diret sum of irre-
duible subrepresentations, so these subrepresentations ommute with eah
other. The value of S(A) is then the sum :
S(A) = − 1
24h∨
∑
i
ni(λi, λi + 2ρ) , (7)
with i an index running on irreduible subrepresentations, ni their respetive
dimensions and λi their highest weights.
Now we turn to the study of stability of suh solutions, for whih we need
the seond variation of S(A). The latter an be expressed by an operator  :
δ2S =
1
4(h∨)2
Tr
(∑
b
δAbb(δA)
)
(8)
b(δA) = −
(
[σa, σb]− fabcσc − 1
2
δabσcσc +
1
2
σbσa
)
δAa , (9)
where σa(B) = [Aa, B]. When A is a representation, σ : ea 7→ σa is also a
representation : [σa, σb] = fabcσc, so the rst two terms anel. Moreover, as
σcσc is the Casimir operator Γσ of σ, the seond variation on representations
an be written :
b(δA) =
1
2
(δabΓσ − σbσa)(δAa) .
Notie that a onguration {Aa} is a loal minimum if all the eigenvalues
of b are negative, beause the bilinear form dened by the trae is negative
denite. We onsider a matrix-valued eigenvetor Xa, suh that :
ΓσXb − σbσaXa = 2νXb . (10)
By letting σb at on this equation and summing on b, we get either ν = 0 or
σbXb = 0. The latter is equivalent to ΓσXb = 2νXb. Projeting both side of
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this equation on Xb with the trae form, we an hek that ν ≤ 0 for any
representation. We now have to hek that the third derivative vanishes in
diretions suh that ν is zero. If it is the ase, we have a loal minimum,
beause the fourth derivative is always positive. Putting ν = 0 in (10) we
get :
ΓσXb = σbσaXa . (11)
Γσ has a non-zero kernel. For a representation that does not ontain
any pair of isomorphi subrepresentations, this kernel ontains only diagonal
matries, of the form :
Ker(Γσ) =




ζ11 0 · · · 0
0 ζ21 · · · 0
.
.
.
.
.
.
.
.
.
.
.
.
0 0 · · · ζm1

 : ζ1, ζ2, · · · , ζm ∈ R


, (12)
where the bloks orrespond to submodules of dimensions d1, d2,..., dm.
Therefore Γσ has an inverse Γ
−1
σ on the spae of matries whih are traeless
on eah blok. Let Xb = Yb + Kb, with Kb ∈ Ker(Γσ) and Ya traeless on
eah blok. Dening H = Γ−1σ σaYa, we get from (11) : Xb = [Ab, H ] +Kb.
Variations of the type Xb = [Ab, H ] orrespond to transformations Aa 7→
U−1AaU with U = exp(H), and S(A) is onstant in these diretions.
Variations of the type Xb = Kb ommute with eah other and with the
elements of the representation. As explained above, they orrespond to shifts
of the brane on the Lie group. They leave S onstant beause of the trans-
lation symmetry of the ation.
The situation is dierent when two or more subrepresentations are iso-
morphi. In this ase, there are elements in Ker(Γσ) whih are not diagonal,
and they do not satisfy simple ommutation relations anymore. The third
derivative δ3S will generally not vanish and suh representations are not lo-
al minima of S. Physially, two isomorphi subrepresentations desribe two
staked D-branes of the same size, entered at the origin. This onguration
is unstable, beause suh a stak will quikly form a larger single D-brane.
This interpretation ts well with the well-known phenomenon of tahyon on-
densation in SU(2) that turns several D0-branes into a D2-brane [19℄, and
with [20℄, where it was shown that a D0-brane approahing a D2-brane too
lose gets absorbed and a larger D2-brane results.
4 Type III solutions
We study now the type III solutions to the equations of motion, i.e. the ones
onsisting of representations of a subalgebra h ∈ g. We hoose an orthonormal
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basis of g ompatible with the deomposition g = h⊕ h⊥. The indies i, j, k, ...
will denote diretions tangent to h, while indies r, s, t, ... are assigned to
diretions perpendiular to h. Indies a, b, c, ... still run over the whole basis
of g.
Let us ompute rst the value of the ation on suh solutions. We hoose
matries {Ai} forming a representation of h, and set {As} to zero. In g,
we have [ei, ej] = fijkek. Now if we hoose a basis {e′i} of h orthonormal
with respet to the Killing form of h, the struture onstants relative to this
new basis will dier by a ommon onstant µ, whih will depend on the
embedding of h in g : [e′i, e
′
j] = f
′
ijke
′
k with f
′
ijk = µfijk. µ
2
is sometimes
alled the embedding index of the subalgebra (see [21℄, 13.7).
We introdue matries Bi = µAi, whih satisfy [Bi, Bj ] = f
′
ijkBk and the
ation an now be written :
S
g
(A) = 1
4(h∨g )
2
(
−1
4
∑
i,j Tr([Ai, Aj]
2) + 1
3
∑
i,j,k fijkTr(Ai[Aj , Ak])
)
= 1
4(h∨g )
2
1
µ4
(
−1
4
∑
i,j Tr([Bi, Bj]
2) + 1
3
∑
i,j,k f
′
ijkTr(Bi[Bj , Bk])
)
=
(h∨
h
)2
µ4(h∨g )
2S
h
(B) .
(13)
We added subsripts to the ations and to the Coxeter numbers to indiate
to whih Lie algebra they refer. Up to the fator
(h∨
h
)2
µ4(h∨g )
2 , the value of the g-
ation on representations of a subalgebra h is equal to the h-ation. Using (7),
this allows to ompute S on any type III solution, provided we an determine
the fator µ.
As we will see later, the lowest energy ongurations appear for h =
su(2), so we will onentrate our attention on three-dimensional subalgebras
(TDS) of g. In any TDS of g we an hoose generators eˆ+, eˆ−, eˆ3 suh that
[eˆ3, eˆ+] = 2eˆ+, [eˆ3, eˆ−] = −2eˆ− and [eˆ+, eˆ−] = eˆ3. Let g0 a Cartan subalgebra
of g ontaining eˆ3. The element φ ∈ g∗0 dual to eˆ3 by the Killing form is
alled the dening vetor of the TDS, and any two TDS with Weyl onjugate
dening vetors are equivalent [22℄. We an ompute the norm of φ and get :
‖φ‖ = ‖eˆ3‖ =
√
2 ‖e′3‖ =
√
2µ ‖e3‖ =
√
2µ ,
whih allows to determine the parameter µ.
S is negative on representations, so we are looking for the minimal value
of µ that will minimize (13). There is a simple argument showing that µ ≥ 1.
The adjoint ation of any TDS splits g into irreduible su(2) modules. At
least one opy of the adjoint (spin 1) module is present, as it onsists of the
subalgebra itself. Now the eˆ3-eigenvalue of a generator eα of g assoiated with
the root α is given by (φ, α), and this must be equal to 2 for at least one
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of the eα. Combining this with the ondition that ‖φ‖ should be minimal,
we onlude that φ must be equal to a long root, in whih ase µ = 1. This
denes the three dimensional minimal embedding index subalgebras (MIS).
They are all equivalent, beause all the long roots are Weyl equivalent. It
will be useful to notie that under the ation of MIS, g deomposes into the
following sum of su(2) modules : (1)⊕k(1
2
)⊕l(0). We denoted su(2) modules
by their spin between parenthesis and inluded k, l the multipliities of the
fundamental and trivial modules. The ruial fat is that the adjoint appears
only one, and that no higher spin module is present.
As an example of a MIS, onsider su(N), and the subalgebra generated
by matries having the following blok form :(
τi 0
0 0
)
∈ su(N) ,
where τi are generators of the fundamental 2-dimensional su(2) representa-
tion. This a MIS, and under its adjoint ation, su(N) deomposes into the
following sum of su(2) modules : (1)⊕ 2(N − 2)(1
2
)⊕ (N − 2)2(0).
5 Stability of MIS representations
We keep the same onvention on indies. Using the fat that fijs = fsij =
fjsi = 0, the seond derivative operator an be written on representations of
subalgebras as (see (9)) :
i(δA) =
1
2
(δijσkσk − σiσj) δAj
r(δA) =
(
ftriσi +
1
2
δrtσiσi
)
δAt , (14)
where we dened as before σi(B) = [Ai, B]. Note that the seond derivative
bilinear form does not mix δAi's with δAr's. For variations of the generators
of the representation (δAi), it is the same as for a full representation of the
algebra, so the same onlusions apply : only subalgebra representations
having no isomorphi subrepresentations an be loal minima. We still have
to study what happens with the variations of the matries set to 0 (δAr).
We will now restrit ourselves to the onguration giving the lowest value
for the ation : an irreduible representation of the su(2) MIS.
So suppose δAi = 0 and look only at the seond set of equations of (14).
We onsider the omplexied Lie algebra Cg, and hoose a basis ompatible
with the deomposition of Cg into sl(2) modules under the ation of the MIS.
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We an take orthonormal generators in the sl(2) MIS, but the whole basis
will not be orthonormal in general. As  respets the module struture, we
onsider only variations assoiated to a single sl(2) module. We denote it by
VS, with S its spin. Beause the remark at the end of the previous setion,
S an be equal either to 0 or to 1
2
.
We look at δA as an element of VS ⊗Mat(n), and we rewrite  as :
 = −
∑
i
τ(ei)⊗ σi − 1
2
1⊗ Γσ ,
where τ is the representation of the MIS in the module VS. Realling that
the Casimir operator of the tensor representation τ ⊗ σ is given by :
Γτ⊗σ =
∑
i
(τ(ei)⊗ 1 + 1⊗ σi)2 ,
this equation an be expressed in term of Casimir operators only :
 = −1
2
(Γτ⊗σ − Γτ ⊗ 1) .
Under the ation σ of the irreduible sl(2) representation A, Mat(n) de-
omposes into a diret sum of modules of integer spin Ws, s = 0, 1, . . . , n−1.
Γτ ats on a module of spin S = 0 or
1
2
. Γτ⊗σ ats on modules of spin s
′ = s
if S = 0 and of spin s′ = s ± 1
2
if S = 1
2
. So from the equation above, we
onlude that  has stritly negative eigenvalues, exept in two ases, where
null diretions exist : (s = 0) and (s = 1, S = 1
2
). We now relate these null
diretions to symmetries of S.
For s = 0, the variations δAr have zero Γσ eigenvalue, and are therefore
multiples of the identity, beause A is an irreduible representation. We
already saw that suh variations leave the ation onstant, beause of its
translation invariane.
For the ase (s = 1, S = 1
2
), the tensor produt of modules V 1
2
⊗W1 splits
under the ation of τ ⊗ σ into one spin 3
2
module T 3
2
and one spin
1
2
module
T 1
2
.  has a negative eigenvalue on T 3
2
, but zero eigenvalue on T 1
2
. Using the
basis {Ai} in W1 and hoosing a basis {e↑, e↓} in V 1
2
, we an ompute Γτ⊗σ
expliitly and nd the two generators of T 1
2
, on whih  vanishes. They are
given in the following table by their omponents on the produt basis :
1
↑
2
↑
3
↑
1
↓
2
↓
3
↓
( −i 1 0 0 0 i )
( 0 0 i i 1 0 )
.
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In the remaining of this setion, we want to show that these null dire-
tions are linked with the invariane of S under onjugation ation of G on g.
Atually, we saw that the MIS is unique only up to equivalene, i.e. up to
onjugation with elements of the group G. Let us hek that these transfor-
mations orrespond to the null diretions found above. For an innitesimal
transformation of this type, the variation of ea is given by δea = [h, ea] where
h is the innitesimal antihermitian generator of the transformation. The
variation of the map A is then δAr = (δei, er)Ai. We introdue h↑ = (h, e↑)
and h↓ = (h, e↓), the omponents of h on V 1
2
. Then :
(δei, er) = ([h, ei], er) = (h, [ei, er]) = f
s
ir hs .
The struture onstants f sir are determined by the representation τ of the
MIS on V 1
2
:
τ(e1) =
1√
2
(
0 i
i 0
)
, τ(e2) =
1√
2
(
0 −1
1 0
)
, τ(e3) =
1√
2
(
i 0
0 −i
)
.
(15)
Setting (h↑, h↓) to (
√
2,0) and (0,−√2), we nd the two eigenvetors in the
table above.
So the null diretions found in the (s = 1, S = 1
2
) ase do orrespond to the
invariane of S under the onjugation ation ofG on g. These transformations
an be seen as hanges of basis in g, and physially, they are rotations of the
fuzzy sphere D2-brane in the d-dimensional group manifold.
Hene we have proved that irreduible representations of MIS are loal
minima of S.
6 Some examples in su(3) and beyond
Now we would like to use the work above to do some phenomenology and
ompare the energy of the various brane ongurations in the next simplest
ase beyond su(2) : su(3).
We rst speialize the formulas (6) and (13) for su(3). For A a full su(3)
representation, haraterized by it's Dynkin indies (p, q), we have :
S(A(p,q)) = − 1
216
(p+ 1)(q + 1)(p+ q + 2)(p2 + 3p+ pq + 3q + q2) . (16)
For {Ai} forming a representation of the MIS and Ar = 0 we get :
S(A(p)) = − 1
216
p(p+ 1)(p+ 2) , (17)
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with p the Dynkin index of the su(2) representation (twie the spin).
We an make a little table for the value of S on these solutions for various
n :
n su(3) Representation S su(3) MIS Representation S MIS
3 (1, 0) -4/36 (2) -4/36
4 (1, 0)⊕ (0, 0) -4/36 (3) -10/36
5 (1, 0)⊕ 2(0, 0) -4/36 (4) -20/36
6 (2, 0) -20/36 (5) -35/36
7 (2, 0)⊕ (0, 0) -20/36 (6) -56/36
8 (1, 1) -24/36 (7) -84/36
The olumns give respetively the size of the Chan-Patton gauge group (n),
the representation of su(3), the value of S on the latter, the su(2) representa-
tion, and again S omputed on the latter. We observe that the MIS solutions
seem to be systematially lower in energy, exept for n = 3. This ontradits
the onjeture made in [18℄, and the general belief that branes on Lie group
adopt the maximally symmetri geometry of onjugay lasses.
Passing by, we an point out an interesting phenomenon. If we onsider
only maximally symmetri solutions, it's not always true that irreduible
representations have lower energy than reduible ones, ontrary to the su(2)
ase. For instane if we hoose n = 27, the irreduible representation (2, 2)
gives S = −18/3, whereas (5, 0) ⊕ (2, 0) gives S = −25/3. This is due to
the fat that, in su(N), representations with weight λ = (m, 0, . . . , 0) are
the ones whih maximize the ratio ‖λ‖ /n. They give lower value for the
ation ompared to other representations with the same n. So maximally
symmetri D-brane are sometimes more stable when split than when they
are ompletely ondensed. Anyway in this ase the value of the MIS solution
is −91 = −273/3 (!).
We give some arguments to show that fuzzy sphere D2-branes have lower
energy that maximally symmetri ones in most ases. We will onsider the
ation S for G = SU(N), N ≥ 3, and ompare its value on an irreduible
MIS solution and on a representation of the full algebra (type II). We will
hoose the weight for the latter of the form λ = (m, 0, . . . , 0), as these give
the lowest ation value among full representations, as we hinted above.
We rst use Weyl dimension formula to get an expression for the dimen-
sion n of the representation as a funtion of m :
n =
∏
α>0
(λ+ ρ, α)
(ρ, α)
=
N−1∏
i=1
m+ i
i
. (18)
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Using (6), we get for the full representation :
S
full
= − 1
24N
n
(
N − 1
N
m2 + (N − 1)m
)
,
and using (13), for the MIS representation :
S
MIS
= −n
3 − n
24N2
. (19)
We now have to ompare these results :
n3−n
N
?≥ n (N−1
N
m2 + (N − 1)m) ⇔
n2
N(N−1)
?≥ m2
N
+m+ 1
N(N−1)
.
With (18), one an hek that provided m > 1, the left-hand side above is an
inreasing funtion of N, while the right hand side is obviously a dereasing
one. So it's suient to hek the inequality when N = 3 for all m > 1,
whih is trivial when writing n expliitly. When m = 1, we have equality for
all N . Therefore S
full
≥ S
MIS
, with equality only in the ase n = N . So the
fundamental representation of su(N) has the same value as the MIS solution,
but else the latter is always lower in energy.
As pointed out above, the speial type of representations of su(N) we
onsidered usually gives the lowest value of the ation, even if a omplete
proof of this fat is laking. So the omparison above is at least a strong
argument suggesting that MIS solutions are lower in energy than type II
ones. This also justies a posteriori our hoie to fous our attention on
su(2) subalgebras, rather than on larger ones.
Finally, still onsidering su(N), we an also ompare the MIS solutions
with the lower bound found in setion 2. We replae ζ in (3) by its expliit
value found in (5) and, introduing again the fator
1
4(h∨)2
, we get :
S ≥ −n
3 − n
192N2
C4d(d− 1) .
Comparing with (19), the value of the ation for a MIS has the same be-
haviour in n as the lower bound, whih is not the ase for representations of
larger subalgebra or of the full algebra.
The arguments above lead us to think that the global minimum is reahed
on irreduible representations of MIS, and therefore that the brane ground
state is a fuzzy sphere D2-brane in any ompat simple Lie group.
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7 Conlusion
In this note, we proved the boundedness of the ation (1) for any simple
ompat Lie group G.
We saw that a given onguration of the gauge eld A forming a repre-
sentation of the Lie algebra g of G is a loal minimum if and only if it does
not ontain any pair of isomorphi subrepresentations. Physially, these on-
gurations orrespond to sets of maximally symmetri D-branes entered at
the origin, and the unstable ongurations arise when two or more D-branes
are staked.
We gave a formula to ompute the value of the ation when the gauge
eld is a representation of a proper subalgebra of g, and hene breaks the
Ka-Moody symmetry of the boundary urrents. We proved that irreduible
representations of a speial type of three dimensional subalgebras, namely
the ones with minimal embedding index, are loal minima.
For G = SU(3), we also omputed expliitly the value of the ation on
su(3) representations of various dimensions, as well as on MIS representa-
tions. We showed that the latter take lower values of S than su(3) repre-
sentations. In the D-brane piture, this means that maximally symmetri
D-branes are not stable in SU(3). Fuzzy sphere D2-branes are denitely
muh lower in energy, but the question about whether they are really the
ground state remains open.
We gave some arguments to show that the result still holds for SU(N).
We saw that the behaviour in n of the MIS solutions is the same as the lower
bound of the ation found before, whih is one more inentive to think they
an orrespond to the brane ground state.
The geometrial dierenes between inequivalent TDS representation so-
lutions are still unlear, and in partiular we do not know if there is some
geometrial feature that would distinguish the most stable MIS D2-brane
from other TDS D2-branes.
Fuzzy sphere D2-branes seem to appear in every ompat Lie group when
they are small ompared to the radius of urvature. Interestingly, the dimen-
sion of the group manifold has no inuene on the dimension of the brane. We
an nally remark that in the limit we onsidered, the D-brane "sees" only a
small piee of a manifold with positive urvature. So one an wonder whether
this brane onguration really depends on the struture of Lie group, and
whether it ould not be a stable form for D-branes in any positively urved
part of a generi manifold.
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